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Given a completely regular frame L, let, as usual, βL, λL and υL denote, respectively, the
Stone–Cˇech compactiﬁcation, the universal Lindelöﬁcation and the Hewitt realcompactiﬁ-
cation of L. Let γ denote any of the functors β , λ or υ . It is well known that any frame
homomorphism h : L → M has a unique “lift” to a frame homomorphism hγ : γ L → γM
such that σM · hγ = h · σL , where the σ -maps are effected by join. We ﬁnd a condition
on h such that if h satisﬁes it, then h is open iff its lift hγ is open. Furthermore, the
same condition ensures that hγ is nearly open iff h is nearly open. This latter result is,
in fact, a special case of a more general phenomenon. In the last part of the paper we
investigate when hυ is surjective. The instances when hβ or hλ is surjective are known.
It turns out that the surjectivity of the lifted map hυ : υL → υM captures Blair’s notion
of υ-embedding in the sense that a subspace S of a Tychonoff space X is υ-embedded
iff the lifted map (Oi)υ : υ(OX) → υ(OS) is surjective, where i : S → X is the subspace
embedding.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A recent example of Larson’s [13] shows that it is possible for an open map f : X → Y between Tychonoff spaces to
be open whilst its Stone extension f β : βX → βY is not an open map. Thus, openness does not ascend to Stone–Cˇech
compactiﬁcations. It also does not descend, because, for instance, if X is a space which is not open in its Stone–Cˇech
compactiﬁcation, then the Stone extension of the inclusion map X ↪→ βX is a homeomorphism, and hence open.
One of the purposes of this paper is to ﬁnd a not-too-stringent condition on frame homomorphisms such that maps sat-
isfying the condition are open precisely when their lifts to the Stone–Cˇech compactiﬁcations, the universal Lindelöﬁcations
and the Hewitt realcompactiﬁcations have the same feature. At ﬁrst glance it might appear that three different conditions
are needed; one for each functor β , λ or υ . As it turns out, one condition “works” for all the three functors. The condition
is that the homomorphism should be the frame version of what Woods [16] calls an N-map, namely a continuous function
f : X → Y such that clβX f −1[K ] = ( f β)−1[clβY K ] for each closed set K in Y .
In placing Woods’ notion in the pointfree context, we use the functor β just like in the spatial case. There is no a priori
reason to expect that using λ and υ would lead to equivalent conditions; but actually it does (Lemma 3.5). We therefore
deﬁne a frame homomorphism h : L → M to be an N-map if hβ · rL = rM · h, where rK denotes the right adjoint of the join
map βK → K , for any completely regular frame K .
Thus deﬁned, we have that an N-map is open iff hβ is open, iff hλ is open, iff hυ is open (Proposition 3.8). Applied to
spaces, the proposition implies that an N-map f : X → Y is open iff its Stone extension is open, iff its Hewitt extension
f υ : υ X → υY is open.
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by requiring that a homomorphism commute with pseudocomplementation. Deﬁning a functor γ : CRegFrm→ CRegFrm to
be a C-functor in case it has properties akin to those of the functors β , λ and υ , and a homomorphism to be a γ -map along
the lines of the deﬁnition of an N-map (we do make this precise), we show in Proposition 3.12 that a γ -map is nearly open
iff its lift to “γ -ﬁcations” (e.g. βL is the “β-ﬁcation” of L) is nearly open. A consequence (Corollary 3.13) is that an N-map
is nearly open iff its γ -lift (for γ = β,λ and υ) is nearly open. Hence, an N-map f : X → Y is nearly open iff its Stone
extension is nearly open, iff its Hewitt extension is nearly open (Corollary 3.14).
In the last part of the paper we consider when hυ : υL → υM is a quotient map. In [7] it is shown that, for a quotient
map h : L → M , hβ is a quotient map iff h is a C∗-quotient map, and hλ is a quotient map iff h is coz-onto. Thus, in each
instance the quotient map extends a familiar topological embedding – the former extending C∗-embedding, and the latter
z-embedding. We show in Proposition 4.6 that if i : S → X is the embedding of a subspace S of a Tychonoff space X , then
(Oi)υ : υ(OX) → υ(OS) is a quotient map iff S is υ-embedded in X in the sense of Blair [6].
2. Preliminaries
2.1. A brief background on frames
Here we collect a few facts about frames and ﬁx notation. For the general theory of frames we refer to [12] and [15].
Recall that a frame is a complete lattice L in which the distributive law
a ∧
∨
S =
∨
{a ∧ x | x ∈ S}
holds for all a ∈ L and S ⊆ L. We denote the top element and the bottom element of L by 1L and 0L respectively, dropping
the subscripts if L is clear from the context. The frame of open subsets of a topological space X is denoted by OX .
We denote the rather below and the completely below relations by ≺ and ≺≺, respectively. All frames considered here
are assumed to be completely regular. A point of L is an element p such that p = 1 and x∧ y  p implies x p or y  p.
The points of any regular frame are precisely those elements which are maximal below the top. We denote the set of all
points of L by Pt(L). A frame homomorphism is dense if it maps only the bottom element to the bottom element, and
codense if it maps only the top to the top. Any dense homomorphism between regular frames is monic, and any codense
homomorphisms between regular frames is one–one. The right adjoint of a frame homomorphism h is denoted by h∗ . By a
quotient map we mean an onto frame homomorphism.
An element a of L is a cozero element if there is a sequence (an) in L such that an ≺≺ a for each n and a =∨an . The set
of all cozero elements of L is called the cozero part of L and is denoted by Coz L. It is a sub-σ -frame of L which generates
L if L is completely regular. For further properties of Coz L and cozero elements, in general, see [2].
2.2. Construction of λL and υL
There are several ways of realizing βL, the Stone–Cˇech compactiﬁcation of L. We shall regard it as the frame of regular
ideals of Coz L. We denote the right adjoint of the join map βL : βL → L by rL , and recall that
rL(a) = {c ∈ Coz L | c ≺≺ a}.
An ideal of Coz L is a σ -ideal if it is closed under countable joins. The universal Lindelöﬁcation of L, denoted by λL, is the
frame of σ -ideals of Coz L. The join map λL : λL → L is a dense onto frame homomorphism. We denote by kL the dense
onto frame homomorphism kL : βL → λL deﬁned by kL(I) = 〈I〉σ , where 〈·〉σ signiﬁes σ -ideal generation in Coz L. The
Hewitt realcompactiﬁcation of L (see [3] or [14] for details), denoted by υL, is constructed in the following manner. For any
t ∈ L, let
[t] = {x ∈ Coz L | x c},
so that, if c ∈ Coz L, then [c] is the principal ideal of Coz L generated by c. The map  : λL → λL given by
( J ) =
[∨
J
]
∧
∧{
P ∈ Pt(λL) ∣∣ J  P}
is a nucleus. The frame υL is deﬁned to be Fix(). We denote by L the dense onto frame homomorphism λL → υL effected
by . The join map υL : υL → L is a dense onto frame homomorphism. For any L we have
Coz(λL) = Coz(υL) = {[c] ∣∣ c ∈ Coz L},
a consequence of which is that each of the maps λL : λL → L and υL : υL → L is a C-quotient map (see [1] for details).
Also, Pt(λL) = Pt(υL). To see this, recall that if j : M → M is a nucleus, then Pt(Fix( j)) = {p ∈ Pt(M) | j(p) = p}. Now let
P ∈ Pt(λL). Then, for the nucleus  : λL → λL deﬁning υL,
(P ) =
[∨
P
]
∧
∧{
Q ∈ Pt(λL) ∣∣ P  Q }=
[∨
P
]
∧ P = P .
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(λL)∗(a) = (υL)∗(a) = [a].
3. When lifted homomorphisms are open
Recall that a frame homomorphism h : L → M is open if it has a left adjoint h! that satisﬁes the “Frobenius Identity”
h!
(
b ∧ h(a))= h!(b) ∧ a
for all a ∈ L and b ∈ M . For regular frames, this is the case precisely if h has a left adjoint. In general, if h : L → M is an
open map, it does not follow that hβ : βL → βM is open. This already fails at the topological level, as shown by Larson [13].
The condition we will impose on a homomorphism h : L → M that will ensure that openness is inherited (and, in fact,
reﬂected) by its lift, is an adaptation of Woods’ [16] notion of an N-map, which itself is a slight strengthening of Isiwata’s
[11] concept of WZ-mappings. In [11] an onto continuous function f : X → Y between Tychonoff spaces is said to be a
WZ-mapping if clβX ( f −1)(y) = ( f β)−1(y) for each y ∈ Y , where f β : βX → βY is the Stone extension of f . It is shown in
[11, Theorem 4.4] that a WZ-mapping is open if and only if its Stone extension is open.
Following [9], a frame homomorphism h : L → M is an N-map in case hβ · rL = rM · h. We now extend this to functors in
general, with the view to showing that for the functors β (which is the one used in the deﬁnition of N-map), λ and υ , we
have exactly the same concept.
Suppose γ : CRegFrm → CRegFrm is a functor such that for each L ∈ CRegFrm there is a dense onto homomorphism
γL : γ L → L (call it the γ -ﬁcation of L) with the property that every homomorphism h : L → M lifts to the γ -ﬁcations; that
is, there is a homomorphism hγ : γ L → γM which makes the following diagram commute:
γ L h
γ
γL
γM
γM
L
h
M
We say such a functor is a C-ﬁcation functor. Of course, β,λ and υ are examples.
Deﬁnition 3.1. Let γ : CRegFrm→ CRegFrm be a functor as above. We say a frame homomorphism h : L → M is a γ -map if
hγ · (γL)∗ = (γM)∗ · h.
In particular, a homomorphism h : L → M is:
(a) a β-map iff hβ(rL(a)) = rM(h(a)) for all a ∈ L,
(b) a λ-map iff hλ([a]) = [h(a)] for all a ∈ L, and
(c) an υ-map iff hυ([a]) = [h(a)] for all a ∈ L.
Because any two of the functors β , λ and υ do not always coincide, it appears, at face value, that we have three different
types of maps in the case of these functors. We show below (Proposition 3.5) that, in fact, they all coincide. For that we
need two quick lemmas.
Lemma 3.2. Let γ : CRegFrm→ CRegFrm be a C-ﬁcation functor. Any homomorphism h : L → M is a γ -map iff h = γM ·hγ · (γL)∗ .
Proof. If h is a γ -map, then (γM)∗ ·h = hγ · (γL)∗ . Since γM is onto, γM · (γM)∗ = idM , and so h = γM ·hγ · (γL)∗ . Conversely,
suppose h = γM · hγ · (γL)∗ . Then γM · (γM)∗ · h = γM · hγ · (γL)∗ . Since γM is dense, it is a monomorphism in CRegFrm; and
so (γM)∗ · h = hγ · (γL)∗ . 
Lemma 3.3. Consider the diagram
A
f
α
s
B
t
βC
g
u
D
v
E F
h
2162 T. Dube, I. Naidoo / Topology and its Applications 157 (2010) 2159–2171in any category. Suppose that the outer rectangle commutes, each triangle commutes, the lower trapezium commutes, and v is a
monomorphism. Then the upper trapezium commutes.
Proof. By hypothesis, we have
v · g = h · u and β · f = h · α.
Since β = v · t , the latter of the displayed identities implies
v · t · f = h · α = h · (u · s) = (h · u) · s = v · g · s,
so that, in light of v being monic, t · f = g · s, as desired. 
Corollary 3.4. Let γ : CRegFrm → CRegFrm and δ : CRegFrm → CRegFrm be C-ﬁcation functors. Suppose that, for each K ∈
CRegFrm, there is a dense onto homomorphism jK : γ K → δK such that γK = δK · jK . Then any homomorphism h : L → M is a
γ -map iff it is a δ-map.
Proof. Consider the diagram
γ L h
γ
jL
γL
γM
jM
γMδL
hδ
δL
δM
δM
L
h
M
By hypothesis, all the conditions hypothesized in the statement of Lemma 3.3 are met. So the upper trapezium commutes.
Therefore
γM · hγ · (γL)∗ = (δM · jM) · hγ · (γL)∗
= δM ·
(
jM · hγ
) · (γL)∗
= δM ·
(
hδ · jL
) · (δL · jL)∗
= (δM · hδ
) · jL · ( jL)∗ · (δL)∗
= δM · hδ · (δL)∗,
which shows that h is a γ -map iff it is a δ-map. 
Proposition 3.5. Any homomorphism is a λ-map iff it is an υ-map iff it is a β-map.
Proof. Let h : L → M be a frame homomorphism and consider the diagram
λL
hλ
L
λL
λM
M
λMυL h
υ
υL
υM
υM
L
h
M
In view of Corollary 3.4, it suﬃces to show that, for any K ∈ CRegFrm, λK = υK · K to be able to conclude that h is an
υ-map iff it is a λ-map. For this we need to show that for each J ∈ λK , ∨ J =∨K ( J ). Since J ⊆ K ( J ), we immediately
have
∨
J 
∨
K ( J ). Since
K ( J ) =
[∨
J
]
∧
∧{
P ∈ Pt(λK ) ∣∣ J  P}
[∨
J
]
,
it follows that
∨
K ( J )
∨[∨
J
]
=
∨
J .
Therefore
∨
K ( J ) =∨ J .
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βL h
β
kL
βL
βM
kM
βMλL
hλ
λL
λM
λM
L
h
M
shows that h is a λ-map iff it is a β-map. 
In light of this, we shall continue to use the term “N-map” throughout. Repeated applications of Lemma 3.3 show that:
Corollary 3.6. In the diagram
βL h
β
kL
βL
βM
kM
βM
λL
hλ
υL
λM
υM
υL
hυ
λL
υM
λM
L
h
M
every quadrilateral commutes, for any homomorphism h : L → M.
Remark 3.7. In [9], it is shown that h : L → M is an N-map if and only if for every a ∈ L and y ∈ M , y ≺≺ h(a) implies
y  h(s) for some s ∈ L with s ≺≺ a. We use this to note, in passing, that βL → L is an N-map iff L is compact. If L is
compact, then βL → L is an isomorphism, and then clearly a β-map. Conversely, suppose βL → L is not an isomorphism.
Since any homomorphism h is one–one iff h∗h = id, there exists I ∈ βL such that I  rL(∨ I). Take any b ∈ rL(∨ I) with
b /∈ I . Then b ≺≺∨ I . If βL → L were a β-map, there would exist J ∈ βL such that b ∨ J and J ≺≺ I . But J ≺≺ I implies∨
J ∈ I . We would therefore have b ∈ I – a contradiction. Similarly, λL → L is an N-map iff L is Lindelöf.
We are going to show that for γ equal to any of the functors β , λ or υ , an N-map is open if and only if its lift is open.
The proof of one implication (that hγ open implies h open) is of a one-size-ﬁt-all type. The converses follow the same line
of reasoning but need to be handled separately. Throughout the proof, we denote the image of the principal ideal [a] under
a map g by g[a] instead of the eye-straining g[[a]].
Proposition 3.8. For γ equal to any of the functors β , λ or υ , an N-map h : L → M is open iff hγ is open.
Proof. (⇐) Assume hγ : γ L → γM is open, and let Ψ : γM → γ L be the left adjoint of hγ . We have the diagram
γ L
hγ
γL
γM
Ψ
γM
L
h
M
(γM )∗
and may then deﬁne a map g : M → L by
g = γL · Ψ · (γM)∗.
Clearly, g is order-preserving as each factor in the composition is order-preserving. Now, in light of h being an N-map, we
have
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) · h = (γL · Ψ ) ·
(
(γM)∗ · h
)
= (γL · Ψ ) ·
(
hγ · (γL)∗
)
= γL ·
(
Ψ · hγ ) · (γL)∗
 γL · idγ L ·(γL)∗ = γL · (γL)∗ = idL .
On the other hand,
idM = γM · (γM)∗ = γM · idγM ·(γM)∗
 γM ·
(
hγ · Ψ ) · (γM)∗
= (γM · hγ
) · Ψ · (γM)∗
= (h · γL) · Ψ · (γM)∗ = h ·
(
γL · Ψ · (γM)∗
)= h · g.
This shows that g is left adjoint to h, and hence h is open.
(⇒) We note that for γ = λ,β , or υ we have the following diagrams:
γ L h
γ
γL
γM
γM
L
h
M
h!
(a) The λ-case: Deﬁne a function Ψ : λM → λL by
Ψ ( J ) = 〈h![ J ]
〉
σ
,
and note that since h! preserves joins and J is a σ -ideal,
Ψ ( J ) = {c ∈ Coz L ∣∣ c  h!(s) for some s ∈ J
}
.
Clearly, Ψ is order-preserving. We will show that Ψ is left adjoint to hλ . For that, it suﬃces to show that Ψ · hλ  idλL
and idλM  hλ · Ψ . Let I ∈ λL, and take any z ∈ (Ψ · hλ)(I). Then z  h!(s) for some s ∈ hλ(I). Take i ∈ I such that s  h(i).
Therefore z h!h(i) i, which implies z ∈ I . Therefore (Ψ · hλ)(I) ⊆ I , and hence Ψ · hλ  idλL .
On the other hand, if u ∈ CozM , then
(
hλ · Ψ )([u])= hλ(〈h![u]
〉
σ
)
= hλ({z ∈ CozM ∣∣ z h!(d) for some d ∈ [u]
})
= hλ([h!(u)
])
= [hh!(u)
]
since h is an N-map
 [u].
Now if J ∈ λM , then, on account of complete regularity and the fact that hλΨ is order-preserving, we have
J =
∨{[c] ∣∣ c ∈ J} hλΨ ( J ),
so that idλM  hλ · Ψ . It follows therefore that hλ is an open map.
(b) The υ-case: Deﬁne Ψ : υM → υL by
Ψ ( J ) = L
(〈
h![ J ]
〉
σ
)
.
Note that, in view of the fact that h! preserves joins,
Ψ ( J ) =
[
h!
(∨
J
)]
∧
∧{
P ∈ Pt(λL) ∣∣ 〈h![ J ]
〉
σ
 P
}
,
so that, for any b ∈ M ,
Ψ
([b])= [h!(b)
]∧
∧{
P ∈ Pt(λL) ∣∣ 〈h![b]
〉
σ
 P
}
.
We claim that
if s ∈ CozM and J ∈ υM with 〈h![s]
〉
 J , then [s] hυ( J ). (†)σ
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s ∈ [hh!(s)
]= hυ([h!(s)
])
.
But
[
h!(s)
]⊆ 〈h![s]
〉
σ
⊆ L
(〈
h![s]
〉
σ
)
,
so that
hυ
([
h!(s)
])
 hυ
(
L
(〈
h![s]
〉
σ
))
 hυ
(
L( J )
)= hυ( J ),
which shows that s ∈ hυ( J ), and thus establishes the claim. Now let u ∈ CozM , and, for brevity, write J =∧{P ∈ Pt(λM) |
〈h![u]〉σ  P }. Then
(
hυ · Ψ )([u])= hυ([h!(u)
]∧ J)
= hυ([h!(u)
])∧ hυ( J )
= [hh!(u)
]∧ hυ( J )
 [u] ∧ hυ( J ).
Since 〈h![u]〉σ ⊆ J and J ∈ υM , it follows from (†) that hυ( J ) [u], as a consequence of which we have [u] (hυ ·Ψ )([u]).
Therefore idυM  hυ · Ψ .
On the other hand, let I ∈ υL. Then
(
Ψ · hυ)(I) =
[∨
h!
[
h[I]]
]
∧
∧{
P ∈ Pt(λL) ∣∣ 〈h!
[
h[I]]〉
σ
 P
}
.
Since I ∈ υL,
I =
[∨
I
]
∧
∧{
Q ∈ Pt(λL) ∣∣ I  Q }.
Since h!h(i) i for each i ∈ I , we have [∨h![h[I]]] [∨ I]. Also, if Q is a point of λL such that I  Q , then 〈h![h[I]]〉σ  Q ,
and therefore
{
Q ∈ Pt(λL) ∣∣ I  Q }⊆ {P ∈ Pt(λL) ∣∣ 〈h!
[
h[I]]〉
σ
 P
}
,
which implies
∧{
P ∈ Pt(λL) ∣∣ 〈h!
[
h[I]]〉
σ
 P
}

∧{
Q ∈ Pt(λL) ∣∣ I  Q }.
It follows therefore that (Ψ · hυ)(I) I , so that Ψ · hυ  idυL . Thus, hυ is open.
(c) The β-case: Deﬁne Ψ : βM → βL by
Ψ (I) = {z ∈ Coz L ∣∣ z ≺≺ h!(i) for some i ∈ I
}
.
Since h! preserves joins, one checks easily that indeed Ψ (I) is a regular ideal of Coz L for each I ∈ βM . That Ψ · hβ  idβL is
veriﬁed as in the λ-case. Next, given I ∈ βM , let c ∈ I and take d ∈ I such that c ≺≺ d. We claim that
rM(c) ⊆ hβΨ
(
rM(d)
)
.
Let z ∈ rM(c). Then z ≺≺ c  hh!(c). Since h is a β-map, z  h(s) for some cozero element s of L with s ≺≺ h!(c). That is,
z h(s) for some s ∈ rL(h!(c)), which implies z ∈ hβ(rL(h!(c))). But now
rL
(
h!(c)
)⊆ {u ∈ Coz L ∣∣ u ≺≺ h!(t) for some t ≺≺ d
}= Ψ (rM(d)
)
,
so z ∈ hβ(Ψ (rM(d))), establishing the claim. Thus,
I =
∨{
rM(c)
∣∣ c ∈ I} hβΨ (I),
and hence idβM  hβ · Ψ . Therefore hβ is open. 
We have the following topological interpretation of the proposition. Let f : X → Y be a continuous function between
Tychonoff spaces, and let f β : βX → βY and f υ : υ X → υY be its Stone extension and Hewitt extension, respectively.
A little reﬂection shows that f is an N-map in the sense of Woods if and only if O f : OY → OX is an N-map. Since the
notion of being an N-map is conservative, since O(βX) ∼= β(OX) and O(υ X) ∼= υ(OX), and since a continuous function
f : X → Y between Tychonoff spaces is open if and only if O f : OY → OX is open, we have the following corollary:
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f υ is open.
Remark 3.10. Recall [15, Lemma 5.2] that an open homomorphism h : L → M is one–one if and only if h!(1) = 1. Now sup-
pose h : L → M is an open N-map, and let γ designate any of the functors β , λ or υ . Then, for the left adjoint hγ! : γM → γ L
of hγ we have, by a straightforward calculation, that hγ! (1γM) = 1γ L iff h!(1) = 1. Thus, hγ is one–one iff h is one–one. Note
that without such restrictions as imposed here, it is possible for hγ : γ L → γM to be one–one whilst h is not. For instance,
the join map h : βL → L with L not compact.
We now continue with one variant of openness (see [5] for a study of variants of openness) which is inherited (and,
indeed, reﬂected) by lifted homomorphism. A frame homomorphism h : L → M is said to be nearly open if h(a∗) = h(a)∗ , for
every a ∈ L. We show that an N-map is nearly open if and only if its lift (to any of the γ -ﬁcations) is nearly open.
Recall that every dense onto homomorphism is nearly open, and also that the right adjoint of a dense onto homomor-
phism commutes with pseudocomplementation. Also, note the following lemma.
Lemma 3.11. If g : A → B is a dense homomorphism, then a∗ = g∗g(a∗), for every a ∈ A.
Proof. Note that g(a ∧ g∗g(a∗)) = g(a) ∧ g(a∗) = 0, so that a ∧ g∗g(a∗) = 0, by density, and hence g∗g(a∗) a∗ . But idA 
g∗g , so we have the claimed equality. 
Proposition 3.12. Let γ : CRegFrm → CRegFrm be a C-ﬁcation functor. Then, any γ -map h : L → M is nearly open iff
hγ : γ L → γM is nearly open.
Proof. (⇒) Suppose h is open, and let a ∈ γ L. Then
hγ
(
a∗
)= hγ ((γL)∗γL
(
a∗
))
by Lemma 3.11, since γL : γ L → L is dense
= (γM)∗h
(
γL
(
a∗
))
since h is a γ -map
= (γM)∗h
(
γL(a)
∗) since γL commutes with (·)∗
= (γM)
(
hγL(a)
)∗
since h is nearly open
= (γM)∗
(
γMh
γ (a)
)∗
since hγL = γMhγ
= (γM)∗γM
(
hγ (a)∗
)
= hγ (a)∗ by Lemma 3.11.
(⇐) Suppose hγ is nearly open. Since h is a γ -map, by hypothesis, h = γM · hγ · (γL)∗ . Now, every factor in this compo-
sition commutes with pseudocomplementation; therefore so does h. 
Having proved this proposition, it struck us as likely that Proposition 3.8 can also be extended to arbitrary C-ﬁcation
functors, which would then reduce the three-pronged proof of the one implication there to a single proof. We have however
not been able to do that.
We remark, without getting into details, that paracompactiﬁcation (the process of coreﬂecting a completely regular
frame in the subcategory of paracompact regular frames) deﬁnes a C-ﬁcation functor  : CRegFrm → CRegFrm (see [4]).
By [3, Proposition 6], given any K ∈ CRegFrm, there is a dense onto homomorphism g : λK → K such that the triangle
λK
g
λK
K
K
K
commutes. Consequently, in view of Corollary 3.4 and Proposition 3.5, a homomorphism h : L → M is a λ-map iff it is a
-map. We therefore have the following result.
Corollary 3.13. Let h : L → M be an N-map. Then h is nearly open iff hβ is nearly open iff hλ is nearly open iff hυ is nearly open iff h
is nearly open.
Applied to Tych, we have the following results. Recall that a continuous function f : X → Y is said to be nearly open if
for each open subset U of X , f [U ] is dense in some open subset of Y . A continuous function f : X → Y (between Tychonoff
spaces – actually a milder separation axiom suﬃces) is nearly open if and only if the frame homomorphism O f : OY → OX
is nearly open. We therefore have the following corollary.
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(1) f is nearly open.
(2) The Stone extension of f is nearly open.
(3) The Hewitt extension of f is nearly open.
Another variant of openness considered in [5] is weak openness which is deﬁned by a condition equivalent to saying
a homomorphism h : L → M is weakly open (or skeletal) if h(a) is dense in M for each dense a ∈ L. Let γ : CRegFrm →
CRegFrm be a C-ﬁcation functor and h : L → M be weakly open. Then hγ : γ L → γM is weakly open. For, if a ∈ γ L dense,
then γL(a) is dense, and therefore hγL(a) is dense, that is, γMhγ (a) is dense, which implies hγ (a) is dense. Conversely, if h
is a γ -map and hγ is weakly open, then h is weakly open. Indeed, if b ∈ L is dense, then (γL)∗(b) is dense, and therefore
hγ (γL)∗(a) is dense; that is, (γM)∗h(a) is dense, and therefore h(a) is dense.
4. When lifted maps are surjective
In the previous section we started with a homomorphism h : L → M and found that imposing the condition that it be an
N-map ensures that the property of being open (or nearly open) ascends and descends. For this we did not need to have
the lifted homomorphism to be a quotient map. In this section we investigate conditions on h that ensure that the lifted
homomorphism is a quotient map. For any C-ﬁcation functor γ : CRegFrm → CRegFrm, the search for homomorphisms
h : L → M for which hγ : γ L → γM is onto must, of necessity, be restricted to the surjective ones. For, if
A
h
τ
B
ρ
L g M
is a commuting square in Frm with h and ρ onto, then g is onto because, for any d ∈ D and a ∈ A such that h(a) = ρ∗(d),
we have
g
(
τ (a)
)= ρh(a) = ρρ∗(d) = d.
As already mentioned in the introduction, for a quotient map h : L → M , it is shown in [7, Proposition 2.1] that
hβ is a quotient map iff h is a C∗-quotient map,
and in [7, Lemma 2.3] that
hλ is a quotient map iff h is coz-onto.
We shall therefore consider the υ-case only. To start with, here are some examples of quotients maps h for which hυ is a
quotient map.
Examples 4.1. (1) If h : L → M is a coz-onto homomorphism, then hυ is a quotient map, as was noted in [8, Lemma 2.4].
(2) If h : L → M is a homomorphism onto a realcompact frame, then hυ is a quotient map. For, in the commutative
square
υL
hυ
υL
υM
υM
L
h
M
υM is an isomorphism, so that the commutativity of the square gives hυ = υ−1M · h · υL , which is onto.
(3) If h : L → M is a surjective N-map, then hυ is a quotient map. Indeed, for any c ∈ CozM , take a ∈ L such that h(a) = c.
Then [a] is an element of υL mapped to [c] by hυ since h is an N-map. So Coz(υM) is contained in the range of hυ , which
proves surjectivity by complete regularity.
Thus, for any quotient map h : L → M ,
hβ onto ⇒ hλ onto ⇒ hυ onto
and the implications are not reversible in general. We however have the following instances where some of the arrows
reverse:
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then hυ is coz-onto, by [10, Proposition 3.2]. So, for any d ∈ CozM , there exists u ∈ Coz(υL) such that hυ(u) = [d]. Then
h
(
υL(u)
)=
∨
[d] = d,
showing that h is coz-onto, and hence hλ is onto, by the result in Example 4.1(1).
(b) If M is pseudocompact, then hυ onto implies hβ is onto, so that hυ is onto iff hλ is onto iff hυ is onto. To show this,
recall that if M is pseudocompact then υM is compact (in fact, υM ∼= βM). Thus, in this case, hυ is coz-onto, and
hence h is coz-onto, as observed in (a). But, by [10, Proposition 4.10], this implies h is a C-quotient map, and therefore
a C∗-quotient map. Consequently, hβ is onto.
Remark 4.2. That hβ onto implies hλ onto, and hλ onto implies hυ onto could also be deduced without knowing the
characterizations stated above. Indeed, if we let γ : CRegFrm → CRegFrm and δ : CrFrM → CRegFrm be C-ﬁcation functors
satisfying the conditions in Corollary 3.4, then, applying Lemma 3.3, one shows that the surjectivity of hγ implies that of hδ .
We now give some characterizations of quotient maps whose υ-lifts are quotient maps. We need some background.
Recall that if h : L → M is a frame homomorphism, then h∗h is a nucleus on L such that the map
h| Fix(h∗h) : Fix(h∗h) → M
is a frame homomorphism. Furthermore,
h : L → M is onto ⇔ h| Fix(h∗h) : Fix(h∗h) → M is an isomorphism.
Throughout, given a quotient map h : L → M , we shall abbreviate the nucleus hυ∗ hυ as n, and the homomorphism
hυ| Fix(n) : Fix(n) → υM as h¯. We need the following lemma.
Lemma 4.3. For any quotient map h : L → M, the composite
υMh¯ : Fix(n) → υM → M
is a quotient map.
Proof. Let b ∈ M . Since h is onto, pick a ∈ L such that h(a) = b. Now, [a] ∈ υL, and therefore n([a]) is an element of Fix(n).
In view of the fact that υMhυ = hυL , we have
(υMh¯)
(
n
([a]))= υMhυhυ∗ hυ
([a])= υMhυ
([a])= hυL
([a])= h(a) = b,
which establishes the result. 
In the proof of the following result we will need to know that if g : A → B is any frame homomorphism, then the
homomorphism g| Fix(g∗ g) : Fix(g∗g) → B is one–one. Indeed, let a ∈ Fix(g∗g) be such that g(a) = 1. Then
a = g∗g(a) = g∗(1) = 1,
which shows g| Fix(g∗ g) to be codense and therefore one–one. So, for any homomorphism h : L → M , the homomorphism
h¯ : Fix(n) → υM is one–one.
Proposition 4.4. The following conditions are equivalent for a quotient map h : L → M.
(1) hυ : υL → υM is a quotient map.
(2) The composite υMh¯ : Fix(n) → υM → M is coz-onto.
(3) The homomorphism υL
hυ−→ υM υM−→ M factorizes as υL j−→ N k−→ M for some realcompact frame N such that υL j−→ N is a
quotient map and N
k−→ M is coz-onto.
Proof. (1) ⇒ (2): If hυ : υL −→ υM is onto, then h¯ : Fix(n) −→ υM is an isomorphism, and therefore coz-onto. Since the
map υM : υM → M is also coz-onto, it follows that the stated composite is coz-onto.
(2) ⇒ (3): Consider the factorization υL n−→ Fix(n) k−→ M , where Fix(n) k−→ M , abbreviates Fix(n) h¯−→ υM υM−→ M . If we
can show that h¯ : Fix(n) → υM is an isomorphism, we shall be done because then Fix(n) will be realcompact and, in view
of υM → M being a coz-onto, k will also be coz-onto. In light of h¯ being one–one, we need only show it is onto. In view of
υM being completely regular, it suﬃces to show that Coz(υM) is contained in the range of h¯. So, let J be a cozero element
of υM . Then J = [c] for some c ∈ CozM . Since υMh¯ : Fix(n) → M is coz-onto, by hypothesis, there exists I ∈ Coz(Fix(n))
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d ∈ CozM . Therefore
c = υMh¯(I) =
∨
[d] = d,
which implies h¯(I) = J .
(3) ⇒ (1): Suppose υL hυ−→ υM υM−→ M factorizes as υL j−→ N k−→ M , where the frames and homomorphisms in the
factorization have the stated features. Since the homomorphism υM → M is universal among homomorphisms K → M
with K realcompact, there is a (unique) frame homomorphism g : N → υM such that the triangle
N
g
k
υM
υM
M
commutes. We claim that g is onto. To prove this claim it suﬃces, as before, to show that for each c ∈ CozM there is an
element x ∈ N such that g(x) = [c]. Since k is coz-onto, there exists u ∈ CozN such that k(u) = c. Therefore
c = k(u) = υM g(u).
But g(u) ∈ Coz(υM); so there exists d ∈ CozM such that g(u) = [d], and hence
c = υM g(u) =
∨
[d] = d.
It follows, therefore, that g(u) = [c], whence we deduce that g is onto. By the hypothesis, since υL hυ−→ υM υM−→ M factorizes
as υL
j−→ N k−→ M , and in light of k = υM g , the commutative square
υL
hυ
υL
υM
υM
L
h
M
can be written as the commutative diagram
υL
j
υL
N
g
υM
υM
L
h
M
By the uniqueness of the lift hυ , we have hυ = g · j. Since g and j are onto, it follows that the composite hυ is onto. 
Next, we look at the topological equivalence of surjectivity of the homomorphism hυ : υ(OX) → υ(OS), where
h : OX → OS is the homomorphism induced by the subspace embedding S ↪→ X . We show that, as in the β- and λ-cases,
this captures a known type of embedding. Namely, hυ : υ(OX) → υ(OS) is a quotient map iff S is υ-embedded in the
sense of Blair [6], which we now recall.
A subspace S of a Tychonoff space X has been deﬁned by Blair [6] to be υ-embedded in case the Hewitt extension
τ : υ S → υ X of the inclusion map S → X induces a homeomorphism from υ S onto τ [υ S]. Our ﬁrst step towards proving
the desired result is to obtain a frame-theoretic equivalence of saying a continuous function f : X → Y induces a homeo-
morphism from X onto f [X]. That is given by the following lemma.
Lemma 4.5. Let f : X → Y be a continuous function between Tychonoff spaces. The continuous function f˜ : X → f [X], mapping as f ,
is a homeomorphism iff O f : OY → OX is onto.
Proof. (⇐) Assume O f : OY → OX is onto. Obviously f˜ is onto. To show that it is one–one, let s, t ∈ X be such that s = t .
Suppose, for contradiction, that f˜ (s) = f˜ (t). Since s = t , we have
(
X − {s})∨ (X − {t})= 1OX .
Since O f is onto, there exist A, B ∈ OY such
f −1[A] = X − {s} and f −1[B] = X − {t}.
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But then this implies that f (s) /∈ A ∪ B , whence s /∈ f −1[A ∪ B] = X ; yielding a contradiction.
Next we show that f˜ is an open map. Let U ∈ OX . Since O f is onto, there exists V ∈ OY such that f −1[V ] = U . Now
V ∩ f [X] ∈ O( f [X]). A simple calculation shows that f˜ [U ] = V ∩ f [X], so that f˜ is open, and is therefore a homeomorphism.
(⇒) Let U ∈ OX . Then f [U ] ∈ O( f [X]) since f˜ is a homeomorphism, by the current hypothesis. So, f [U ] = V ∩ f [X]
for some V ∈ OY . We claim that f −1[V ] = U . The inclusion U ⊆ f −1[V ] is immediate. Now let z ∈ f −1[V ]. Then f (z) ∈
V ∩ f [X] = f [U ]. Since f is one–one (as f˜ is, by hypothesis), it follows that z ∈ U . Thus f −1[V ] ⊆ U , and hence f −1[V ] = U .
Therefore O f is onto. 
For a space X we shall write jX for the inclusion jX : X → υ X , and we shall write f υ : υ X → υY for the Hewitt ex-
tension of a continuous function f : X → Y . Now let S be a subspace of X and i : S → X be the inclusion map. Since
O(jT ) : O(υT ) → OT realizes the Hewitt realcompactiﬁcation of OT , for any Tychonoff space T (see [3]), there is an iso-
morphism ιT : O(υT ) → υ(OT ) such that the triangle
O(υT )
ιT
O(jT )
υ(OT )
υOT
OT
commutes. Now, in the diagram
O(υ X)
O(iυ)
ιX
O(jX )
O(υ S)
ιS
O(jS )υ(OX)
(Oi)υ
υOX
υ(OS)
υOS
OX
Oi OS
the outer rectangle, the lower trapezium and each triangle commute. Therefore, by Lemma 3.3, the upper trapezium com-
mutes. Since the ι-maps are isomorphisms, it follows that O(iυ) is onto if and only if (Oi)υ is onto. In light of Lemma 4.5,
we have thus shown that:
Proposition 4.6. A subspace S of X is υ-embedded iff (Oi)υ : υ(OX) → υ(OS) is a quotient map.
We conclude with the following remarks. Blair [6] gives an “internal” characterization of υ-embedded subspaces in terms
of z-ultraﬁlters, namely:
S is υ-embedded in X iff distinct z-ultraﬁlters on S generate distinct z-ultraﬁlters on X.
We have not been able to determine if this extends to frames. We do however have the analogue of one implication. To state
it we need some background. For a homomorphism h : L → M and an ideal J ⊆ CozM , the ideal h# J of Coz L is deﬁned by
h# J = {c ∈ Coz L ∣∣ h(c) ∈ J}.
An ideal I of Coz L is said to be σ -proper if
∨
S = 1, for any countable S ⊆ I . The following lemma is a combination of
[3, Lemma 1] and [10, Lemma 3.6].
Lemma 4.7. The following are equivalent for an ideal I of Coz L.
(1) I is a maximal σ -ideal, i.e., I ∈ Pt(λL).
(2) I is a σ -proper maximal ideal.
(3) I is a prime σ -ideal.
A routine calculation shows that if J is a σ -ideal of CozM , then h# J is a σ -ideal of Coz L, and if J is a prime ideal then
h# J is a prime ideal. Thus, if J ∈ Pt(λM), then h# J ∈ Pt(λL).
Proposition 4.8. Let h : L → M be a quotient map. If hυ : υL → υM is a quotient map, then, for any distinct σ -proper maximal ideals
I and J of CozM, h# I = h# J .
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points of υM . Now, hυ∗ (I) and hυ∗ ( J ) are points of υL, and are distinct, lest, in view of hυ being onto, we have
I = hυhυ∗ I = hυhυ∗ J = J .
As observed above, h# I is a point of υL, and
hυ
(
h# I
)= (〈h[h# I]〉
σ
)
 (I) since h
[
h# I
]
 I and 〈I〉σ = I
= I,
which implies h# I  hυ∗ (I), and hence h# I = hυ∗ (I) because both elements are points of υL. Similarly, h# J = hυ∗ ( J ), and
therefore h# I = h# J . 
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